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Abstract 



Isospectral problem of both 2D and 3D Euler equations of inviscid fluids, is investi- 
gated. Connections with the Clay problem are described. Spectral theorem of the Lax 
pair is studied. 
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1. Introduction 

This note is a continuation of the works [1] and [2]. It focus upon the isospectral property of 
the Lax pairs of both 2D and 3D Euler equations. It provides efforts towards the connection 
between isospectral theory and the Clay problem on Navier-Stokes equations. 

2. 2D Euler Equation 

The 2D Euler equation can be written in the vorticity form, 

d t n + {^,n} = o , (2.i) 

where the bracket { , } is defined as 

{f,9} = (dj)(d y g)-(d y f)(d x g) , 

where \1> is the stream function given by, 

u = -d y ^f , v = d x ^ , 

where u and v are respectively the velocity components along x and y directions, and the 
relation between vorticity Q and stream function \1> is, 

Q = d x v- d y u = . 

Theorem 2.1 (Li, [1]) The Lax pair of the 2D Euler equation (2.1) is given as 

f L<p = \<p, 

\ d t ip + Aip = , [Z - Z) 

where 

L<p = {tt,cp}, Acp = {^,cp}, 
and A is an imaginary constant, and (p is a complex-valued function. 
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2.1. Isospectral Theory and Conservation Laws 

Denote by H s the Sobolev space H S (R 2 ) or H S (T 2 ), and || || s the H s norm. 

Theorem 2.2 Let Q be a solution to the 2D Euler equation (2.1), ip be a solution to the 
Lax pair (2.2) at (VL,\), then 

\\<P\\s 

is conservation law, i.e., I is independent oft. 

Proof: Take the H s norm on both side of the first equation in the Lax pair (2.2), then 

j_ ll{"MII. _| A | 

\\<P\\s 

By the isospectral property of the Lax pair (2.2), I is independent of t. □ 

An interesting idea is to try to use the conservation law / to prove global well-posedness. 
In this 2D Euler case, the idea is not very important since the global well-posedness is already 
proved. The hope is to use this idea to prove the global well-posedness of 3D Euler equation. 

Lemma 2.1 If ip solves the Lax pair (2.2), then f(ip) solves 

ft/fa) +{¥,/(?>)} = 0, (2.3) 

for any f smooth enough. 

Proof: The proof is completed by direct verification. □ 

Lemma 2.2 If {(f>j}j=i,2,- is a complete base of H s , where 4>j 's are f(ip) 's at different values 
of X; then 

oo 

where aj 's are complex constants. 

Proof: Since Equation (2.3) is a linear equation, the claim of Lemma 2.1 implies the 
current lemma. □ 

2.2. The Spectrum of L 

Denote by f T the flow generated by the vector field (Q y , —Q x ) on T 2 . 

Theorem 2.3 Denote by crx(L) the spectrum of the operator L (2.2) in the space X. 

1. If£l^ constant, then ct L 2( T 2)(L) = iR . 

2. Denote by A the collection of all Lyapunov exponents of the flow f T , then A/ {0} + iR C 
For a proof of this theorem, see [3]. 
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3. 3D Euler Equation 

The 3D Euler equation can be written in vorticity form, 

o t n + (u-v)n- (n-v)u = o , (3.1) 

where u = (ui,u 2 ,u 3 ) is the velocity, fl = (fl 1 ,fl 2 ,fl3) is the vorticity, V = (d x ,d y ,d z ), 
fl = V x u, and V • u — 0. u can be represented by fl for example through Biot-Savart law. 

Theorem 3.1 (Childress, [4]) The Lax pair of the 3D Euler equation (3.1) is given as 

\d t i P + A S p = Q, [6 - Z) 

where 

Lip = (fl ■ V)y? - ((p ■ V)fl , A(p — (u- V)ip - {ip ■ V)u , 
A is a complex constant, and ip = (^1,^2,^3) is a complex 3-vector valued function. 

Theorem 3.2 (Montgomery-Smith, [5]) Another Lax pair of the 3D Euler equation (3.1 j| 
is given as 

r L0 = A0 , 



(3.3) 



where 

L(j)=(tt- V)0 , Aip = (u ■ V)0 , 
A is a complex constant, and (ft is a complex scalar-valued function. 

3.1. Isospectral Theory and Conservation Laws 

Denote by H s the Sobolev space H S (R 3 ) or H S (T 3 ), and || || s the H s norm. 

Theorem 3.3 Let fl be a solution to the 3D Euler equation (3.1), be a solution to the Lax 
pair (3.3) at (Q,X), then 

u\\ s 

is conservation law, i.e., I is independent oft. 

Proof: Take the H s norm on both side of the first equation in the Lax pair (3.2), then 

||(n-vM|. 

U\\ s 1 '■ 

By the isospectral property of the Lax pair (3.2), I is independent of t. □ 

Remark 3.1 Of course, the significance of the conservation laws comes from their potential 
in providing a priori bounds and establishing the global well-posedness of 3D Euler equation, 
hence, of 3D Navier-Stokes equation (one of the Clay problems). 
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Lemma 3.1 If {<Pj}j=i,2,- is a complete base of H s , where ipj 's solve the Lax pair (3.2) at 
different values of X; then 

oo 

j'=i 

where a,j 's are complex constants. 

Proof: The proof is completed by comparing the second equation in the Lax pair (3.2) 
and the 3D Euler equation. □ 
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